Numerical Methods
Some example applications in C++



Introduction

Numerical methods apply algorithms that use numerical

approximations to solve mathematical problems.

This is in contrast to applying symbolic analytical solutions,

for example Calculus.

We will look at very basic, but useful numerical algorithms for:

1.Differentiation
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3. Root finding
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Taylor’'s Expansion

Key to the formulation of numerical techniques for differentiation,
Integration and root finding is Taylor’s expansion:

f(x+h)= f(x)+hT|1 f'(x)+h?j f"(x)+h?j U (X) + ...

The value of a function at x + h is given in terms of
the values of derivatives of the function at x

The general idea is to use a small number of terms in
this series to approximate a solution.

In some cases we can improve on the solution by
iterating the procedure = ideal task for a computer.
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1. Numerical differentiation

50 ) Aim
/ Given a function f(x), we wish to
/ calculate the derivative £(x): that is,
y S — x the gradient of the function at x.

The Central Difference Approximation,

CDA, provides an approximation to T‘? (x)
this gradient:
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Proof
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The approximation
Improves as the size
of h reduces.

Limited precision in
the computer prevents
us from making h very
small!
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Problem

For the following function, calculate the derivative at x = 2

flx)=2x"+5x
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Algorithm

1. Define the function:

flx)=2x"+5x

2. Set the parameters:
x=2,h=0.01

3 Calculate the CDA:

CDA = f(x+n)— f(x-h)
2h

4 Output the result.
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C++ code

// Central-Difference Approximation (CDA)
// for the derivative of a function f (x).
// Here, f(x)=2*x*3+5*x, h=0.01, x=2.0.

#include <iostream>

¥ +5x

using namespace std; r——9_ﬂxﬁ=2

double f (double x) { return 2*x*x*x + 5*x; }

int main() {

double x=2.0, h=0.01;
double cda = (f(x+h)-f(x-h))/(2*h) ;
cout < "f'(" <K x <K<K ") = " <K< cda << endl;

Output | £' (2) = 29.0002
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Verification From Calculus

_ fx)=2x3+5x
The program givesus £' (2) = 29.0002 F(x) =6Xx2+5
f(x) =12 x
We can verify that this is what we expect: 7(x) =12

The function here is f(x) = 2 x3 + 5 x
From calculus we can obtain f/(x) =6 x°+5
and so the exact solution for f’(2) is 6*22 + 5 = 29.0000

We see that the error in the CDA is 29.0002 — 29.0000 = 0.0002

From analysis of Taylor’s expansion we predict the error
in the CDA as =~ h? f"”’(x)/6
=0.012.12/6 = 0.0002 <«—

Our algorithm is working as predicted.



A more difficult problem

So far the CDA does not look so useful, we have only solved
a trivial problem. Let’s try a more difficult function:

ne \ log((x +5)°)
0.5 / fe) = x 2x+ 3°
04t ,e" }R Evaluate f(4)
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Analytical solution

fixi= 2x+ 3 +(x+52x+ 3 xlog(x +5 -3 (x + 5) (x log(3) — 1) logi(x + 5)%)

(x4 5) (2 x + 39°
= —0.1863408
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Adapt the C++ code for the new calculation

// Central-Difference Approximation (CDA)
// for the derivative of a function f (x).
#include <iostream>

#include <cmath>

using namespace std;

double f (double x) {
return x*log(pow (x+5,x))/ (2*x+pow(3,x)) ;

} Output
double x=4.0, h=0.01; The error is
double cda = (f(x+h)-£f(x-h))/(2*h) ; +0.000002

cout < "f'(" <K x <K<K ") =" K< cda << endl;
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2. Numerical integration
Aim

We wish to perform numerically 1
the following integral:

/:f{:::)d::: l r///?if;

This is simply the area under the curve f(x) between a and b.

For example, F[S x+2x7)dx =150
J2

How can we perform this numerically?
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Formulating an algorithm

A first approximation can be obtained by forming a trapezoid.

; Trapezoid area
fX)=2x"+5X =15 (§(2)+f(4)) (4-2) = ¥ (26+148) (2) = 174,

150 |
_ F[5x+2x3]d1=150
oo The error in the
result Is16%

Numerical methods - applications in C++ 13



An improved approximation can be obtained by forming

two trapezoids. _
Trapezoid area

=15 (f(2)+1(3)) (3-2) + Y2 (f(3)+f(4)) (4-3) = 156
flx)=2x"+5x

150 |
_ F[5x+2x3]d1=150
oo The error in the
result is 4%
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Four trapezoids. Trapezoid area
= 15 (f(2.0)+f(2.5)) (2.5-2.0) + Y% (f(2.5)+f(3.0)) (3.0-2.5)
+ 15 (f(3.0)+f(3.5)) (3.5-3.0) + Y% (f(3.5)+f(4.0)) (4.0-3.5)
= 151.5
flx)=2x"+5x

150 |
| F[5x+2x3]ﬂ‘x=150
100 The error in the
resultis 1%

The error oc 1/n?
where n is the
Jb number of

7 ] 75 30 3 5 10 trapezoids.
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Formulating an algorithm

Generalising the procedure: A= hz(+(z.)+,t(x.s) h= Xs~%
3
b % x +§-(21.))
L B = —-(‘H ) - L=a
We wadk the iateqral } §60) dox . L;:(Hzx)*Hz))) o
First consider aqg (UX&M&(:M7 with D= %({r(x;)+§-(24)\ Lik: *i‘}(z")
fwe l:rafe.%o;ds: £ = bi (.}(x‘,)r%(zs))

A +8+C+0+E = Extended Tfa?c%(/-'cpa( Formula

W(foa +5, 4—&»,_4-{—)-;-{—“‘_,(.;/1) (eTF) .

5 inl:on/a\s

For n inbervals
ETE = “\(Lg'-l"('tf‘s’-\,f&)—{-.,....f{ﬁ,‘ 4 iiﬂ,)

with h=b-a x-=a+£L" DAV R
— ¢
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Algorithm

1. Define the function: f(x) =2x* +5x

2. Set the limits of the integral, and the number of trapezoids:

a=2,b=4,n=100

3.Set hzb-a
4

4. Calculate the ETF as
ETF = k(f_% A.r{-\,r&+-—-- tF a4t ’i,g)
with S;;;}(z:) X-=a +£l«, LAV AL

5. Output the result.
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ETE = k(f%+4u43fgs+'

C++ code

// Numerical integration via the Extended
// Trapezoidal Formula (ETF)

#include <iostream>

using namespace std;

double f (double x) { return 2*x*x*x + 5*x; }

int main() {

oo .+‘F,|-, + ££->

with §::5®) 2 = a+«ih, =010

Output

The integral

double a=2.0, b=4.0;

= 150.002

int n=100;
double h = (b-a)/n;

double etf = (f(a)+£f(b))/2;
for (int i=1; i<n; i++) etf = etf + f(a+i*h);

etf = etf * h;

cout << "The integral = " << etf << endl;
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Error = 0.002
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A more difficult problem

1 1 2
j x(— +e " sin(xS)] d x
0 2

Visual representation oftheintegral :
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integrate x(0.5 + exp(—x) sinix™~31)"2 from 0 to pi & WolframAlphs
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Adapt the previous C++ code

#include <iostream>
#include <cmath>
using namespace std;

double f (double x) {
return x * pow(0.5+exp (-x) *sin (x*x*x) ,2),; }

double etf = (f(a)+£f(b))/2;
for (int i=1l; i<n; i++) etf = etf + f(a+i*h);

etf = etf * h;

cout << "The integral = " << etf << endl;
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int main() { Output
double a=0.0, b=M PI; The integral = 1.46937
int n=100; B |
double h = (b-a)/n; The error is
+0.00030
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3. Root finding
Aim
1%&)

We wish to find the root x, of
the function f(x); I.e. f(x,) = O.

& =
O "\
toot

How can we perform this numerically?

There are many ways to do this.
We will implement the Newton-Raphson method....
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Formulating an algorithm

leb %o be the fook o a juachion £(x)

e HxD=0. leb 2¢ be an estimate

o %o, 0d € be bhe eror in bhis estinabe ;
.e €= X=X, or o= H—E.

L we Con oboboin a ool eslimeake ¢ £
then we con LM prove ouf ool eslyaale
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Obtaining an Taslors expaasion:
error estimate:

0= ,'}{?Ca} B fg':'f 2-€ )
= jz) ~e £ @)+ J )~ "GO+ -~
N z !

5L

d.rgfpéd-j O (L") termS  anes

The algorithm so far:

o = +0x) - if151} 1. define f(x) and d(x)
s S ,E,{:?&) /S D 2. Initialise x
d(x) 3. Iterate:
Then / e = f(x)/d(x)
g P X=X—¢€
a1 =X — 'E’(I___"}/‘H :) \ 4. Output x

N ewkon-Raphson ilerakive
IFOWM %or I focks 9 ’?{1) : But how many iterations?
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We have an estimate of the error

x 409 /L D

Use this to form a termination condition that requires

6 decimal place accuracy:

“jterate until € < 10°”

Algorithm

1. define f(x) and d(x)
2. Initialise x

3. iterate:
e = f(x)/d(x)
if € < 10 terminate
X=X—eg

4. Output x

Example fix)=2x"+5

Root plot

—z0f

3 |
5
X =- 2 = —1.357208808297

rootoffix) =2 x"~3 +5 £% Wolframalpha

Numerical methods - applications in C++ 24



C++ code

flxy=2x"+5
flix) = 6x°

// Newton-Raphson method for the root of f (x)

#include <iostream>
#include <iomanip>
#include <cmath>
using namespace std;

double f (double x) { return 2*x*x*x + 5; }

double d(double x) { return 6*x*x;

int main() {

cout << setprecision(9) << fixed;

double e, x = -1.5;

while (true) {
e = £(x)/d(x);
cout < "x = " <K< x << endl;
if (fabs(e)<1l.0e-6) break;
X =X - e;

}
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Output

x = -1.500000000 | |
x = -1.370370370 i
x = -1.357334812
x = -1.357208820
fx)=2x"+5

. \
x=-\3 ~(—1.357 208 8

The number of correct digits
doubles on every iteration
(rapid convergence)!

7 decimal place accuracy

D8 297
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Finally

In this lecture we have looked at Numerical Methods.

/

$(x) = #2 (=)

—

L =

More about numerical methods can be found at:

http://en.wikipedia.org/wiki/Numerical methods



http://en.wikipedia.org/wiki/Numerical_methods

